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Strong anomalous diffusion is usually characterized by the coexistence of random motion that
leads to a power-law growth of the mean-square displacement, and rare but long-lasting ballistic
excursions. In the spectrum of the moments of displacement this leads to bilinear behavior. The
slope for small moments is dominated by the more common random motion. For larger moments
there is a cross-over to a larger slope that reflects the impact of the ballistic excursions. In this
paper we show that the moments of displacement exhibit a universal behavior when transport is
asymptotically dominated by the ballistic excursions. The values of all exponents are fixed after
an appropriate rescaling of the mean-square displacement. This universal behavior is underlined
by introducing a minimal transport model, the Fly-and-Die dynamics, that can be fully solved
analytically. It allows us to provide analytical expressions for all statistical properties defining the
universality class. In particular we demonstrate how the universality extends to the displacement
correlation function. Details and nature of the dynamics are irrelevant. This is supported by
studying several models exhibiting strong anomalous diffusion.
I. INTRODUCTION
When deviations from the asymptotic normal behav-
ior of fluctuations due to the break down of the central
limit theorem occur, transport is generically termed as
anomalous [1–3]. Anomalous transport is observed in a
vast variety of systems and contexts, and an important
fraction of current literature is devoted to the investiga-
tion of standard and anomalous diffusion, see for instance
Refs. [1, 4–11].
A transport process x(t) is said to exhibit anomalous
diffusion if the Mean-Square Displacement (MSD) does
not grow linearly in time. Such anomalous behavior is
found in a broad set of phenomena including molecules
moving in a living cell [12], dynamics on cell membranes
[13], solid-state disordered systems [14], telomeres inside
the nucleus of mammalian cells [15], soil transport [16]
heat transport in low-dimensional systems [17], among
many others.
The statistical properties of transport are determined
by the evolution of the probability density of the dis-
placement P (∆x, t). However, in most situations this
density is unknown and transport is studied in terms of
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the asymptotic long-time behavior of its moments
〈∆x(t)p〉 ≡ 〈(x(t)− x(0))
p
〉 ∼ tν(p)
p
2 , (1)
where p is the order of the moment and ν(p) an arbitrary
function. In what follows we call the spectrum of the mo-
ments of the displacement as the function γp = ν(p)p/2.
For scale-invariant transport the probability density
accepts a scaling P (∆x, t) = t−νF(∆x/tν) with ν(p) = ν
constant, meaning that all moments of the displacement
are characterized by the single scale ν. For processes with
constant velocity ν takes values in [0, 2] and a generalized
diffusion coefficient can be defined through the variance
of the displacement as Var [∆x(t)] = 〈∆x2(t)〉−〈∆x(t)〉2
Dγ := lim
t→∞
Var [∆x(t)]
2dtν
. (2)
Normal diffusion is obtain for ν = 1 while anomalous
diffusion (also termed weak anomalous diffusion) yields
sub-diffusion for 0 < ν < 1 and super-diffusion for for
1 < ν < 2. For ν = 2 the transport is ballistic.
Here we focus on strong anomalous diffusion for which
the function ν(p) is not constant [18], meaning that trans-
port results from a multi-scaling process. Most com-
monly, strong anomalous diffusion arises from a bi-scaling
process, namely as a combination of normal or weak
anomalous diffusion weighted by the bulk of the distri-
bution (for ∆x/tν . 1) and rare but long-lasting bal-
listic excursions determining the tails of P (∆x, t) (for
2∆x/tν ≫ 1). This scaling leads to a piecewise-linear
function ν(p) and has been observed in a variety of sim-
ple stochastic systems [19], polygonal billiards [20, 21],
billiards with infinite horizon [22–24], one-dimensional
maps [25, 26], running sandpiles [27], stochastic models
of inhomogeneous media [28, 29], the diffusion in laser-
cooled atoms [30], and in experiments on the mobility
of particles inside living cancer cells [31], among others.
The more complex situation of a nonlinear function γp
has been observed in the motion of particles passively
advected by dynamical membranes [32] and in the bulk-
mediated diffusion on lipid bilayers [33].
In recent years a great deal of understanding on strong
anomalous diffusion has been gained by means of gener-
alizations of the central limit theorem in terms of non-
normalizable densities [11, 34, 35]
Strong anomalous transport is therefore a generaliza-
tion of the more common weak anomalous transport
and is believed to be generic for dynamics with fat-
tailed waiting time distributions. Indeed, numerous in-
vestigations have been devoted to establish the relation
between the properties of the dynamics and transport,
and deterministic maps have played a distinguished role.
Roughly speaking chaos corresponds to normal diffusion
while non chaotic dynamics often leads to anomalous dif-
fusion because of the exponential decay of correlations
in the former and slower than exponential in the latter
[1, 3, 6, 21, 26]. Due to this, stochastic dynamics is often
closer to that of chaotic dynamics [36, 37], but numerous
questions remain open [3, 6, 9, 28, 38–41]. In particular,
the asymptotic behavior of correlation functions is not
understood in general, although it is relevant e.g. to dis-
tinguish transport processes that are effectively different
but have the same moments [9]. Numerous investigations
have been devoted to this subject, see e.g. [42–45].
In [26] a deterministic map named Slicer Map (SM)
was recently introduced to shed light on these issues. It
was shown that after an appropriate matching of param-
eters, the moments of the displacement scale with time
like those of the Le´vy-Lorentz gas (LLg) previously in-
troduced in [28], despite the very different nature of both
dynamics. It was further proven [46] , that this choice of
parameters leads to the equality of the large time scalings
of the position autocorrelation functions. This means
that these two very different systems are indistinguish-
able on the level of the statistics of displacements, possi-
bly suggesting a universality class.
The reason of this equivalence lies in the fact that the
transport of SM and of LLg get an asymptotically rel-
evant contribution from the ballistic flights, the flights
that in a finite time t travel a distance vt with constant
velocity v [11]. Such flights constitute rare events in both
systems, because the probability of bouncing back tends
to 1 as t grows. However, because the associated trav-
eled distance is the largest possible, the contribution of
ballistic flights to transport is sizable. In particular, the
ballistic flights of the SM give the smallest possible con-
tribution to asymptotic transport regimes dominated by
ballistic flights, since they contribute as much as the non-
ballistic flights.
In this paper we show that this equivalence is much
broader, characterizing a universality class of transport
asymptotically dominated by ballistic motion, irrespec-
tive of the details of the dynamics. Furthermore, we in-
troduce a minimal deterministic map that we call Fly-
and-Die (FnD), and propose it as representative of this
class. We show that the asymptotic transport proper-
ties of any element in the class can be predicted from
the FnD. For instance, the FnD model allows a simple
calculation even of the n-point position correlation func-
tions, that can be associated with any other element in
the class, from mere knowledge of the scaling of the MSD.
This paper is organized as follows: In Section II we in-
troduce the FnD dynamics and obtain analytical expres-
sions for the transport representing the universality class.
In Section III we summarize our previous results concern-
ing a possible universal description of the moments of
the displacement for the SM and the LLg. Section IV is
devoted to the properties of billiard and billiard-like dy-
namics and refine the definition of the universality class.
Section V summarizes our conclusions.
II. THE FLY-AND-DIE DYNAMICS
In this section we introduce a minimal continuous-time
model that we call Fly-and-Die (FnD), whose dynamics
are, by construction, asymptotically dominated by bal-
listic excursions.
Consider the dynamics of a particle on the semi-infinite
line [0,∞). Each trajectory in the FnD model is labeled
by its initial condition x0. Starting at x0 the particle
moves along the positive x axis with unit velocity up to
a time tc(x0), and then it stops in position x0 + tc(x0),
namely
x(x0, t) =
{
x0 + t for t ≤ tc(x0) ,
x0 + tc(x0) for t > tc(x0) .
(3a)
Super-diffusive motion is expected to emerge when the
distribution of the flight times tc has a power-law tail.
To be concrete, let us consider the case in which
tc(x0) =
(
b
x0
)1/ξ
, (3b)
with ξ and b positive constants, and the initial condition
x0 uniformly distributed in the interval [0, 1].
In simple words, an ensemble of particles with FnD
dynamics consist of independent ballistic flights with a
duration that is fully determined by the initial condi-
tion. The simplicity of these dynamics allows us to easily
obtain exact expressions for the statistics of the displace-
ments and of the velocities. However, we shall show that
in spite of its simplicity the FnD dynamics captures the
properties of a whole class of substantially different dy-
namics, because they are asymptotically dominated by
ballistic excursions.
3Consider the probability distribution function P (> t)
to perform a flight x(x0, t) longer than t. This probability
amounts to the fraction of initial conditions x0 such that
tc(x0) > t, and it is simply given by
P (> t) = x0(t) =
b
tξ
. (4)
Consequently, for p 6= ξ the pth moment of the displace-
ment ∆x(t) takes the form
〈|∆x(t)|p〉 = 〈|x(x0, t)− x0|
p〉
=
∫ 1
0
dx0 |x(x0, t)− x0|
p
=
∫ P (>t)
0
dx0 t
p +
∫ 1
P (>t)
dx0 (tc(x0))
p
= b tp−ξ +
ξ bp/ξ
ξ − p
(
1− b1−p/ξ tp−ξ
)
=
p b
p− ξ
tp−ξ +
ξ
ξ − p
bp/ξ , (5)
and for p = ξ an analogous calculation yields
〈|∆x(t)|p〉 =
∫ P (>t)
0
dx0 t
p +
∫ 1
P (>t)
dx0 x
−1
0
= b tp−ξ − b lnP (> t)
= b+ b ln
tξ
b
. (6)
At large times t ≫ b1/ξ, we hence obtain the spectrum
of the moments of the displacement
〈|∆x(t)|p〉 ≃


ξ
ξ−p b
p/ξ for p < ξ ,
b ln t
ξ
b for p = ξ ,
p b
p−ξ t
p−ξ for p > ξ .
(7)
This is shown in Fig. 1 for ξ = 0.5 (green curve).
Focusing on the MSD, 〈|∆x|2〉, we see that it ap-
proaches a constant value for ξ > 2, it grows logarithmic
for ξ = 2, and according to a power law with a scaling ex-
ponent η = 2− ξ for 0 < ξ < 2. More in detail, ξ ∈ (0, 1)
implies super-diffusive behavior with transport exponent
η = 2−ξ > 1; ξ = 1 yields normal diffusion, and ξ ∈ (1, 2)
corresponds to sub-diffusion. Therefore, the FnD dynam-
ics Eq. (3) give rise to all anomalous transport scenarios.
We now turn our attention to the autocorrelation func-
tion of the displacement. We focus on the cases with
0 < ξ < 1, for which we have (cf. Eq. (5)):
〈|∆x(t)|2〉 =
2b
η
(
tη −
2− η
2
bη/(2−η)
)
. (8)
The displacement autocorrelation function for the FnD
is given by
φ(t1, t2) = 〈∆x(t1) ∆x(t2)〉
= 〈(x(x0, t1)− x0) (x(x0, t2)− x0)〉
=
∫ 1
0
dx0 (x(x0, t1)− x0) (x(x0, t2)− x0) .
Without loosing generality we set t2 > t1. Accordingly,
we split the integration range in three intervals
0 < x0 < P (> t2): The trajectory is still flying at time
t2, hence ∆x(t1) = t1 and ∆x(t2) = t2.
P (> t2) < x0 < P (> t1): The trajectory was still flying
at time t1 but it died by the time t2. Consequently,
∆x(t1) = t1 and ∆x(t2) = tc(x0).
P (> t1) < x0 < 1: The trajectory died before t1. Conse-
quently, ∆x(t1) = ∆x(t2) = tc(x0).
Splitting the integral and performing a calculation anal-
ogous to the derivation of Eq. (5) one finds
φ(t1, t2) =


b t1 t
η−1
2
η−1 −
(2−η) b tη1
η (η−1) −
(2−η) b2/(2−η)
η , η 6= 1 ,
b t1 ln
t2
t1
+ 2b t1 − b
2 , η = 1 .
(9)
For t1 = t2 this reduces to the MSD, Eq. (8).
In the literature one commonly normalizes the correla-
tion function (9) by the second moment calculated at ei-
ther of the two times, or by the geometric mean of those
moments,
[
〈|∆x(t1)|
2〉 〈|∆x(t2)|
2〉
]1/2
. The normalized
correlation is a function of t2/t1 in that case, and it may
tend to 1 when t2/t1 tends to 1, because φ(t1, t2) may
tend to 〈|∆x(t1)|
2〉 plus terms that become negligible in
that limit.
For the representation of the asymptotics on doubly
logarithmic scale this is not convenient. Therefore we
prefer to normalize the correlation function by the time
difference h = t2−t1. For η 6= 1, and neglecting the third
constant term on the r.h.s. of Eq. (9), this yields
Cb(t1, t2) ≡
(η/b) φ(t1, t2)
hη
=
η
η − 1
t1
h
(
t1
h
+ 1
)η−1
−
2− η
η − 1
(
t1
h
)η
=
η
η − 1
(
t1
h
)η [(
1 +
h
t1
)η−1
−
2− η
η
]
,(10a)
which gives rise to the asymptotic scaling
Cb(t1, t2) ∼


2
(
t1
h
)η
for t1 ≫ h ,
η
η−1
t1
h for t1 ≪ h , η 6= 1 ,
t1
h ln
h
t1
for t1 ≪ h , η = 1 .
(10b)
Equation (10a) is shown in Fig. 2 for ξ = 0.5, b = 1 and
h = 1.
In the following sections we show that these results
characterize a whole class of different dynamics.
4III. MAPPING THE MOMENTS OF THE
DISPLACEMENT
In this section we explore other dynamics and show
how their global properties of transport can be expressed
in terms of the results found in the previous section for
the Fly-and-Die (FnD) model. To exhibit the generality
of those results, we consider a deterministic dynamical
map called the Slicer Map (SM) [26], and a continuous-
time stochastic dynamics called the Le´vy-Lorentz gas
(LLg) [40].
A. The Slicer Map
The SM is a one-parameter deterministic exactly solv-
able map Sα : [0, 1]× Z→ [0, 1]× Z defined by [26, 46]
Sα(x,m) :={
(x,m− 1) if 0 ≤ x ≤ ℓm or
1
2 < x ≤ 1− ℓm,
(x,m+ 1) if ℓm < x ≤
1
2 or 1− ℓm < x ≤ 1 ,
(11)
where the so-called “slicer” ℓm is given by
ℓm :=
1
(|m|+ 21/α)α
with α ∈ R+ . (12)
For 1/2 < x < 1 each iteration of the map increases
the values of m by one, until x > ℓm. Subsequently,
the trajectory enters a stable period-two cycle, oscillating
back and forth between the two neighboring sites m and
m − 1. Similarly, for 0 < x < 1/2 each iteration of the
map decreases the values of m by one, until x < −ℓm,
and then the trajectory enters a stable period-two cycle.
The SM was inspired by the dynamics of polygonal
billiards. In it the distance between two trajectories
does not change in time, as long as they are mapped
by the same branch of the map which, for each m ∈ Z,
are defined by ℓm. The distance between two points x1
and x2 jumps discontinuously when they reach a cell m
where ℓm ∈ [x1, x2]. Thus, the dynamics is reminiscent
of polygonal billiard dynamics [5, 20, 21], where initial
conditions are only separated when they are reflected by
different sides of the polygon. The corners act as slicers
of the bundle of initial conditions (see section IVB for
more details). The analogy between the two systems also
includes the fact the SM has vanishing Lyapunov expo-
nent, and it preserves the volume of special phase-space
subsets, such as the set of our initial conditions, which is
[0, 1]× {0}.
Upon varying the parameter α describing the position
of the slicers, the SM exhibits all transport regimes, sub-
diffusion (2 ≥ α > 1), super-diffusion (1 > α > 0), and
diffusion (α = 1).
The moments of the displacement of a particle under
the SM were obtained in [26]. To compare with moments
of the FnD model, here we redefine the SM on a symmet-
ric unit interval simply by shifting the origin by −1/2.
Consider an ensemble of initial conditions with m = 0
and x uniformly distributed in the right half of the unit
interval [0, 1/2]. In the limit n≫ 21/α and for p 6= α one
obtains
〈(xn − x0)
p〉 ≃ 2
∫ ℓn
0
dxnp + 2
∫ 1/2
ℓn
dx
(
x−1/α − 21/α
)p
∼2np ℓn +
2
1− p/α
(2−1+p/α − ℓ1−p/αn ) +O(1)
∼
2 p
p− α
np−α +O(1) .
Instead, for p = α one obtains
〈(xn − x0)
α〉 ∼ 2 ln
nα
2
. (13)
Therefore, the moments of displacement are
〈(xn − x0)
p〉 ≃


const for p < α ,
2 ln n
α
2 for p = α ,
2 p
p− α
np−α for p > α .
(14)
The spectrum of the moments of displacement is shown
in Fig. 1 (blue curve) for α = 0.1.
The displacement autocorrelation function of the SM
φ(m,n) = 〈(xm − x0) (xn − x0)〉 was obtained in [46]. In
the limit of large time m (or n) one obtains
φ(m,n) ∼ 2
∫ ℓn
0
dxnm+ 2
∫ ℓm
ℓn
dxm
(
x−1/α − 21/α
)
+ 2
∫ 1/2
ℓm
dx
(
x−1/α − 21/α
)2
∼
2
1− α
m n1−α −
2α
(1− α) (2 − α)
m2−α +
2
(α− 1) (α− 2)
22/α . (15)
Form = n, the expression reduces to the MSD at finite time n
φ(n, n) =
〈
(xn − x0)
2
〉
∼
4
2− α
n2−α +
2
(α− 1) (α− 2)
22/α .
5We delay the discussion of these results to section III C
and present first in the following section the transport of
the LLg model.
B. The Le´vy-Lorentz Gas
The Le´vy-Lorentz gas (LLg) was introduced in [40]
(further studied in [28, 41]), as a one-dimensional model
of anomalous transport in semiconductor devices. In the
LLg model a particle is randomly scattered (with proba-
bility 1/2) at randomly fixed positions on the line. In be-
tween scatterings the particle moves ballistically at con-
stant velocity ±v. The distances r between neighboring
scatterers are i.i.d random variables sampled from a Le´vy
distribution with probability density
λ(r) ≡
β
r0
(
r
r0
)
−β−1
, r ∈ [r0,∞), (16)
where β > 0 and r0 is the minimum distance between
scatterers.
The spectrum of the moments of the displacement were
derived in [28] for a non equilibrium initial condition,
namely for particles starting at a scatterer position. The
resulting spectrum is
〈|r(t)|p〉 ∼


t
p
1+β for β < 1, p < β ,
t
p(1+β)−β2
1+β for β < 1, p > β ,
t
p
2 for β > 1, p < 2β − 1 ,
t
1
2+p−β for β > 1, p > 2β − 1 .
(17)
The behavior of Eq. (17) is shown in Fig. 1 (red curve)
for β = 1.4.
In particular, for the MSD, p = 2, one obtains 〈r2(t)〉 ∼
tη with
η =


2− β
2
(1+β) for β < 1 ,
5
2 − β for 1 ≤ β < 3/2 ,
1 for 3/2 ≤ β .
(18)
Unlike the FnD and the SM, the LLg model only ex-
hibits super-diffusive transport for nonequilibrium initial
conditions for 0 < β < 3/2, and diffusive transport for
β ≥ 3/2.
Compared to the previous models the LLg is much
more complicated, and accessibility of exact analytical
expressions is limited. As a matter of fact, there are no
analytical expressions for the autocorrelation functions
of the LLg. Extensive numerical simulations have been
previously reported in [46] for the autocorrelation func-
tion of the displacement 〈∆x(t1)∆x(t2)〉 for i) t2 at fixed
t1; ii) t1 and t2 for a fixed time difference h = t2− t1; iii)
t1 with t2 = t1 + t
q
1 for different fixed values of q.
C. Equivalence of the statistics of the displacement
Recently in [26] it was discovered that restricted to the
super-diffusive regime, namely for 0 < α < 1, the spec-
trum of moments of the displacement of the SM does
coincide with that of the LLg once the respective param-
eters α of Eq. (14) and β of Eq. (17) are rescaled so that
the MSD of both models coincide, namely depending on
the value of β this is achieved if [26]
α =


β2
1+β , 0 < β ≤ 1 ,
β − 12 , 1 < β ≤
3
2 ,
1 , 32 < β .
(19)
Moreover, recalling Eq. (7) we see that this extends to
the whole spectrum of the FnD simply by taking ξ = α
and identifying b ≡ 2, except for the constant value for
p < α, which requires a more detailed analysis [26]. For
p = 1 and p = 2 one thus determines the offset values
〈(xn − x0)〉 ∼
21/α
α− 1
for α > 1 , (20a)
〈(xn − x0)
2〉 ∼
22/α
(α− 1) (α− 2)
for α > 2 . (20b)
It should however be noted that for the SM a single lin-
ear relation between ξ and α suffices while three different
relations are needed to connect ξ (or α) to β in the LLg
case. This indicates that the equivalence is not complete,
although no discrepancies are revealed by the moments
for given values of α, β and ξ. The equivalence of the mo-
ments of displacement becomes evident in Fig. 1, where
the spectra of the three models are compared. Rescaling
the parameters of each model such that the MSD (in-
dicated by the open squares) coincide with that of FnD
(green curve), the scaling in time of all the moments with
p ≥ 2 are described by Eq. (7). Note, however, that lower
moments than p = 2 do not coincide as these are deter-
mined not by the contribution of the rare ballistic excur-
sions but by the typical events described by the bulk of
the distribution P (∆x, t).
The equivalence of the statistics of the particle dis-
placement, in spite of the quite different dynamics and
transport of these models, suggests a certain universal-
ity. As discussed above, these models share the fact that
in the large time limit transport is dominated by ballis-
tic excursions. So far, the spectrum of moments of the
displacement of the models that we have studied exhibit
strong anomalous diffusion. The bilinear shape of the
spectra (see Fig. 1) originates from the existence of two
different time scales ruling the behavior of the probabil-
ity distribution function of the displacement P (∆x, t),
one dominating the dynamics around the center of the
distribution of the displacement and another dominat-
ing the dynamics at the tails. This bi-scaling has been
intensively studied and connected to the existence of non-
normalizable probability densities, called infinite covari-
ant densities [34, 47, 48]. Among others, it has been ob-
served in Le´vy walks [35], the Le´vy-Lorentz gas [40, 41],
the Lorentz gas with infinite horizon [49] (also see sec-
tion IVA of the present paper), and cold atoms [30]. In
spite of this, a general description of strong anomalous
60 1 2 3 4
p
0
1
2
3
4
γ p
FIG. 1. (Color online). Spectrum of the moments of the
displacement γp with values of the MSD indicated by symbols:
the SM with α = 0.1 (blue, diamond), the LLg with β = 1.4
(red, square), and the FnD with ξ = 0.5 (green, triangle).
diffusion by means of infinite covariant densities remains
problematic, as this relies on the existence of an under-
lying renewal process, which does not always exist.
Consider the Fly-and-Die dynamics. We can generally
assume that the center of the distribution P (∆x, t) is
given by a Le´vy stable distribution with some parameter
ν [35]. Then the center of the distribution is determined
by the lowest moments, and from Eq. (7) we expect that
for p < ν
Pbulk(∆x) ∼ Θx
−(1−ν) , (21)
where Θ is a time independent constant, corresponding
to the value of 〈(∆x)p〉 for p < ξ. Note that in general
the exponent ν will be related to the model parameter ξ.
Furthermore, we expect at the tails of the distribution
will obey a different scaling
Ptail(∆x, t) ∼
1
tζ
f
(
∆x
tµ
)
, (22)
for some parameters ζ and µ, some function f(x) and
∆x/tµ ≫ 1. Since the FnD dynamics is dominated in
the infinite time limit by ballistic trajectories, we expect
µ = 1.
The expressions (21) and (22) must match at interme-
diate times scales [35]. This means that when ∆x/tµ ≪ 1
the time dependence on the scaling must vanish since Θ
is time independent. This is the case when
µ(1− ν)− ζ = 0 , (23)
from where we determine ζ = 1 − ν. Therefore, the tail
of the distribution function must satisfy
Ptail(∆x, t) ∼ t
−(1+ν)f
(
∆x
t
)
. (24)
From Eq. (24) the higher moments of the p > ν are
obtained as
〈|x(t)|p〉 = t−(1+ν)
∫
xpf
(x
t
)
dx
= t−(1+ν)t(p+1)
∫ (x
t
)p
f
(x
t
)
d
(x
t
)
= tp−ν
∫
(x˜)
p
f (x˜) d (x˜)
∝ tp−ν , (25)
where we have denoted the displacement ∆x as x to ease
notation. Comparing this with Eq. (7), suggest that the
bulk of the distribution is ruled by the scaling exponent
of the FnD dynamics, namely ν = ξ.
Moreover, since ν = ν(ξ) is exclusively determined by
the scaling of the center of the distribution and, given
that we have not used further details of the dynamics to
determine Eq. (25), we may conclude that for any trans-
port process whose asymptotic behavior is dominated by
ballistic excursions x(t) ∼ t, the scaling of higher mo-
ments of the particle’s displacement p > ν is universal
given by
〈|x(t) − x0|
p〉 ∼ tp−ν . (26)
Therefore, holding FnD as the reference model for
which the MSD scaling is γ2 = 2 − ξ, if the spectrum
of moments of the displacement γp for any other model
is given by Eq. (26), then its spectrum is described by
FnD for any moment p ≥ 2 after the simple rescaling
γp → γp+ν−ξ. Since lower moments are not determined
by the ballistic time scale but by the bulk of the distri-
bution, these are model dependent (see Fig. 1). More
importantly, this universality extends to the autocorre-
lation function of the displacement.
Indeed, the displacement autocorrelation of the SM
Eq. (15) exhibits the same scaling as Eq. (10a) after iden-
tifying η = 2− α as for the moments, and h = n−m.
Rearranging Eq. (15) according to these identifications
and suppressing constant terms, yields
η
2 φ(m,n)
hη
=
η
η − 1
(m
h
)η [(
1 +
h
m
)η−1
−
2− η
η
]
. (27)
This expression agrees with Eq. (10a) up to the constant
offset added to φ(m,n).
Fig. 2 shows the autocorrelation function of the dis-
placement for the FnD (Eq. (10a)) for ξ = 0.5, the SM
(Eq. (15) ) for α = 0.1, and the LLg numerically obtained
for β = 0.9.
To plot the autocorrelation function for the SM in
Eq. (15), we have extended discrete time to continu-
ous time and in addition identified m → t2, n → t1,
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FIG. 2. (Color online). Displacement autocorrelation func-
tion Cb(t1, t2) for the FnD of Eq. (10a) with ξ = 0.5, b = 1
and h = 1 (green curve, shallow solid line), the SM of Eq. (28)
with α = 0.1, b = 2 and h = 1 (blue curve, steeper solid line),
and the LLg with β = 0.9 (red plus symbols). Inset: Au-
tocorrelation Cb(t1, t2) with the appropriate identification of
the parameters as explained in the text.
h = m− n. Taking α = 2− η we obtain
η
2φ(t2, t1)
hη
=
η
η − 1
[(
t1
h
)η−1
+
(
t1
h
)η]
−
2− η
η − 1
(
1 +
t1
h
)η
, (28)
which is the expression shown in Fig. 2 for b = 2.
Equation (10a) suggests a data collapse when plotting
Cb(t1, t2) as function of t1/h. For large t1/h, φ asymp-
totically scales with t1 like the MSD, corresponding to
h = 0, does. The asymptotics for small t1/h corresponds
to t2 ≫ t1, and if t1 is fixed, the correlation function
decays with h like 1/h.
This is shown in the inset Fig. 2. After rescaling the
autocorrelation functions of the three models perfectly
collapse for times t1/h & 1. As for the moments of the
displacement the short time behavior t1/h < 1 is deter-
mined by the typical events described by the bulk of the
distribution of the displacements and thus, it is system
dependent.
Since the properties of transport are fully determined
by the behavior of the moments of the displacement and
time autocorrelations, this observation reinforces the def-
inition of a universality class for those dynamics asymp-
totically dominated by ballistic excursions and the Fly-
and-Die dynamics as representative of this class.
In the next section we further refine the definition of
the universality class by considering billiard dynamics.
IV. A UNIVERSALITY CLASS
A class of dynamics characterized by rare ballistic ex-
cursions is that of billiards with infinite horizon, namely
billiards for which the mean free path is infinite [22]. A
paradigmatic example is the Lorentz gas for which short
excursions transport is neither by Gaussian nor by Le´vy
statistics [50]. Another particular example is that of
polygonal billiards where, without infinite horizon, the
asymptotic transport is still dominated by ballistic ex-
cursions due to the existence of perfect “ballistic” paths
[23]. In this section we explore how the analytic results
of FnD do universally describe these systems and use the
results to refine the definition of a universality class.
A. Lorentz gas
We consider first a paradigmatic billiard model, the
periodic Lorentz gas consisting of an array of periodically
placed circular scatterers on a triangular lattice, of radius
R on the plane (in the original billiard the scatterers
had random positions). The separation between nearest-
neighbor scatterers is set to ∆ = 83 cos
π
6 so that the
horizon is infinite forR < 1. The dynamics consists of the
free flights of a point particle of unit velocity undergoing
specular collisions with the scatterers (see Inset of Fig. 3).
With infinite horizon the probability to observe a tra-
jectory with length between l and l + dl decays as l−3,
meaning that the variance of the of the trajectory’s length
diverges. In a seminal work Bleher showed that for the
infinite horizon Lorentz gas the displacement scaled by√
t ln(t) exhibits Gaussian statistics [51]. Since then the
asymptotic scaling of the MSD has generated a great deal
of research to understand those logarithmic corrections
to linear scaling of the MSD [52–55]. Only recently the
behavior of the MSD, resulting from the combination of
the bulk Gaussian fluctuations and the statistics of the
rare events has been thoroughly explained [49].
At infinite horizon (R < 1), the Lorentz gas exhibits
strong anomalous diffusion [22], having a spectrum of the
moments of displacement
γp =
{
p
2 , p ≤ 2 ,
p− 1 , p ≥ 2 .
(29)
Instead, when horizon is finite (R ≥ 1), transport is diffu-
sive (beyond logarithmic corrections), and the moments
of displacement behave in time with γp = p/2 for any
order p. This is shown in Fig. 3 resulting from numerical
evolution of 106 trajectories during a total time of 106.
Initial positions r(0) and vector velocities were chosen
randomly. After verifying that all the moments scale
asymptotically as a power law of time Fig. 3 shows the
spectrum γp for R = 0.1 (solid squares) and R = 1.1
(open squares).
Note that for the Lorentz gas the MSD belongs to both
families of scaling: Gaussian fluctuations for small devi-
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FIG. 3. (Color online). Spectrum of the moments of dis-
placement γp for a Lorentz gas billiard with infinite horizon,
R = 0.1 (green solid squares), and finite horizon, R = 1.1
(blue open squares). The dashed curves correspond for the
scaling of Eq. (29). Inset: Schematic geometry of the Lorentz
gas. The gray hexagonal lines are to guide the eye.
ations p < 2, and ballistic large deviations p > 2. There-
fore, the FnD model with ξ = 1 describes the the spec-
trum of moments of the infinite horizon Lorentz gas for
p > 2. We argue that this result can be extended to any
billiard with infinite horizon, as long as the MSD belongs
to the asymptotic ballistic family. For billiards with fi-
nite horizon but asymptotically dominated by ballistic
rare excursions the situation is slightly more restricted,
as discussed in the next section IVB.
Furthermore, we have numerically computed the au-
tocorrelation function for the displacement at arbitrary
times t1 6= t2
C(t1, t2) = 〈∆r(t1)∆r(t2)〉 , (30)
where 〈·〉 refers to average over the ensemble of trajecto-
ries. As in the previous sections we define h = t2−t1. The
results are shown in Fig. 5 as a function of t1/h for infinite
horizon with R = 0.1 (blue cross symbols). The scaling
of the autocorrelation function for t1/h≫ 1 inherits the
same scaling as MSD, namely C(t1, t2) ∼ t1/h. On the
other hand, for t1/h ≪ 1 the scaling of the autocorrela-
tion function will generally depend on the details of the
short time scale. For the infinite horizon Lorentz gas we
obtain C(t1, t2) ∼
√
t1/h. In Fig. 5 we also show the
autocorrelation function of FnD for ξ = 0.5. Matching
the MSD 〈|∆r(t)|p〉 = 1 for the infinite horizon Lorentz
gas with that of FnD 〈|∆r(t)|p〉 = 1.5 implies a scaling of
the autocorrelation function of C(t1, t2) ∼
√
t1/h. The
rescaled autocorrelation is shown in the inset of Fig. 5.
Collapse with the autocorrelation of FnD for t1/h≫ 1 is
accomplished by multiplication of C(t1, t2) by an appro-
priate constant factor.
Given that transport at large times is determined by
the MSD and all the moments of the displacement of
higher order and by the autocorrelation function, we con-
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FIG. 4. (Color online). Spectrum of the moments of displace-
ment γp for the polygonal channel with ∆x = 1, ∆yt = 0.77,
∆yb = 0.45 and: H = 1.27 (blue solid circles), H = 1.17
(green open circles), and H = 1.07 (red open squares). The
first set has finite horizon while the last two have infinite
horizon. The dashed line corresponds to γp = p/2 while the
dotted curves are γp = p−ν with (from top to bottom) ν = 1,
1.5, and 2. Inset: Schematic geometry of the polygonal chan-
nel.
clude that the transport of the infinite horizon Lorentz
gas is fully determined by FnD. Therefore, it belongs to
the universality class of the FnD of asymptotic transport
dominated by ballistic excursions.
We finish this section by noting that with finite horizon
the scaling of the autocorrelation function is the same as
that with infinite horizon. This is indeed the case be-
cause for the Lorentz gas, the MSD is the same in both
cases. Nevertheless, with finite horizon the spectrum of
moments of the Lorentz gas is not described by the cor-
responding spectrum of FnD of Eq. (7) after matching of
the MSD. Therefore the finite horizon Lorentz gas does
not belong to the universality class of FnD.
B. Polygonal channel
To study further evidence for the existence of a univer-
sality class represented by the FnD model, in this section
we investigate a drastically different billiards, generically
named polygonal channels. These billiards have been
widely studied in the past due to their peculiar transport
behavior [20, 21, 23, 56]. This billiard corresponds to the
dynamics of a point particle undergoing specular reflec-
tions with upper and lower zigzagging boundaries. The
boundaries are repetitions of an elementary cell whose
geometry is fully specified by four parameters as shown
in the inset of Fig. 4 (here we follow the notation that
has been used in [21]).
When ∆yb+∆yt < H the channel has an infinite hori-
zon, meaning that a trajectory can move for an infinitely
large horizontal distance before encountering a boundary.
9As for the Lorentz gas, in this case the probability density
of the trajectory’s length l scales as ∼ l−3. With finite
horizon (∆yb +∆yt > H), these infinitely long trajecto-
ries do not exist. Nevertheless, a dense family of special
trajectories exist, for which the transport is asymptoti-
cally dominated by ballistic excursions [20, 21, 23]. The
dynamics of the polygonal channel differ substantially
from the dynamics in a Lorentz gas. First, the dynamics
in the polygonal channel is integrable, with “non expo-
nential” separation of trajectories produced by the chan-
nel corners. Secondly, the ballistic excursions appear not
as the result of infinite horizon but due to the very poor
mixing of the collision angles [20, 21]. These properties
make the dynamics of polygonal billiard much richer.
In Fig. 4 we show the spectrum of moments of dis-
placement γp for three different channels with ∆x = 1,
∆yt = 0.77, ∆yb = 0.45 and different widths H (pre-
viously considered in [20]). For H = 1.27 (Blue solid
circles), the polygonal channel has infinite horizon and
as for the Lorentz gas, the MSD lies at the transition
between the Gaussian diffusive fluctuations and the bal-
listic large fluctuations. As we argued in the previous
section, when the horizon is infinite, the spectrum γp is
described by Eq. (29).
More interesting is the behavior of the polygonal chan-
nel with finite horizon. We show in Fig. 4 two examples
with H = 1.17 (green open circles) and H = 1.07 (red
open squares). Strictly speaking in these two channels
no ballistic trajectories exist. However, due to the poor
mixing properties of the collision angle, there are special
trajectories that move in the same direction for arbitrary
long distances before reversing their motion, thus mim-
icking ballistic trajectories [21]. This is clearly evidenced
in Fig. 4 where for all three polygonal channels the be-
havior of the moments of large order is given by p − ν,
with ν = 1 for infinite horizon (H = 1.27), and ν = 1.5
(for H = 1.17), ν = 2 (for H = 1.07) for finite horizon.
In contrast to billiards with infinite horizon, the polyg-
onal channels with finite horizon has a MSD that does
not necessarily belong to the ballistic family of trajecto-
ries. For H = 1.17 the ballistic scaling sets in at p = 3
and forH = 1.07 at p = 4. Therefore, matching the MSD
with that of FnD is not enough in these cases to describe
their spectrum of moments for higher order p > 2.
As in the previous sections we have numerically com-
puted the autocorrelation function of the displacement at
arbitrary times, Eq. (30). We show the results in Fig. 5
for the polygonal channel for infinite horizon H = 1.27
(red dashed curve) and finite horizon H = 1.07 (black
dot-dashed curve). Since MSD has the same value for all
channels, and it also coincide with the MSD of Lorentz
gas, the same rescaling collapses all autocorrelations with
that of FnD (inset of Fig. 5).
Overall we conclude that with infinite horizon the
polygonal channel belongs to the universality class of
FnD so that its asymptotic transport is described by
FnD, while with finite horizon it does not. Alternatively,
one could include the polygonal channel with finite hori-
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FIG. 5. (Color online). Displacement autocorrelation func-
tion Cb(t1, t2) for the FnD of Eq. (10a) with ξ = 0.5, b = 1
and h = 1 (green curve) and different billiards: Lorentz gas
with infinite horizon R = 0.1 (blue crosses), and the polygo-
nal channel with infinite horizon H = 1.27 (red dashed curve)
and finite horizon H = 1.07 (black dot-dashed curve). The
rest of the parameters are as in Fig. 4. The thin dotted curves
stand for ∼
√
t1/h and ∼ t1/h Inset: Collapse of the auto-
correlation Cb(t1, t2) for the different dynamics.
zon in the definition of the class by extending it to sys-
tems whose n-th moment of displacement asymptotically
coincide with those of the FnD for n ≥ n0, where n0 ∈ N.
As a final remark we mention that other polygonal bil-
liards like those with parallel boundaries (∆yb = ∆yt), do
not exhibit strong anomalous diffusion. While the spec-
trum of moments obtained is described by γp = p− ν for
all p, the autocorrelation function of the displacement
does not satisfies the scaling Cb(t1, t2)/h vs t1/h sug-
gested by FnD. Such models are therefore not elements
of the FnD class.
V. CONCLUSIONS
The moments of the displacement and the position
auto-correlation functions of many systems that show
super-diffusive transport are dominated by ballistic tra-
jectories. Here we argue that the moments of order 2
and larger, as well as the autocorrelation function of the
displacements characterize a wide class of such systems,
that have totally different microscopic dynamics but en-
joy the same transport properties. Elements in the class,
whose MSD scaling exponent η matches asymptotically,
scale in the same way, as in Eq. (25), and are hardly
distinguishable as far as the statistics of positions are
concerned. Other observables, like the statistics of veloc-
ities, are needed to distinguish the different systems in
the class.
We have introduced the Fly and Die map as the sim-
plest representative of this universality class. For this
10
map it is straightforward to analytically calculate the
functional dependencies, and we verified that they faith-
fully agree with the SM, the stochastic LLg, and billiards
with infinite horizon.
The true power of the universality class that we have
defined relies on the fact that for complex dynamics the
statistics of the displacement is not always available in
analytic form. However, if the dynamics in question is
known to be dominated asymptotically by ballistic ex-
cursions and the MSD of such dynamics belongs to the
ballistic family, then automatically the spectrum of the
moments of the displacement of order higher or equal
than 2 and the autocorrelation function of displacement
for t1/h & 1 are described by the FnD.
These conclusions are based on the analytical solution
of the FnD dynamics, which allowed us to establish a
scaling relation for the correlation function φ(t1, t2) that
only depends on the ratio t1/h. Given a certain value of
η, this provides a collapse on a single line of all our data.
Therefore we conclude that a transport model belongs
to the universality class of FnD if:
1. The dynamics are asymptotically dominated by
ballistic rare events. This means that the spectrum
of higher moments will grow as tp+ν with ν ∈ R.
2. The MSD belongs to the ballistic family but scales
slower than t2. However, the MSD must be de-
scribed by the small fluctuations, i.e., by the bulk
of the distribution (ν < 2 in Eq. (26)).
3. The autocorrelation function of the displacement
admits the scaling Cb(t1, t2)/h vs t1/h.
In Sect. IVB we suggested that the universality class
may be extended by appropriately adapting the match-
ing rule, such that it does no longer rely on the scaling
of the second moments. This extension, however, must
be confronted with the fact that the various diffusion
regimes are defined by the second moments.
The excellent agreement between the numerical data
and the FnD predictions establishes a new way to ana-
lyze correlations in anomalous transport and it suggests
that the FnD map can be taken as prototypical of the
transport processes dominated by ballistic flights.
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